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M.Sc. Il SEMESTER [MAIN/ATKT] EXAMINATION
JUNE - JULY 2024

MATHEMATICS

Paper - 11
[Lebesgue Measure and Integration]

[Max. Marks : 75] [Time : 3:00 Hrs.] [Min. Marks : 26]

Note : Candidate should write his/her Roll Number at the prescribed space on the question paper.
Student should not write anything on question paper.
Attempt five questions. Each question carries an internal choice.
Each question carries 15 marks.

Q.1a) Let {A,} be a countable collection of sets of real numbers. Then prove that

m* ( SlAn)g S m*(An)

n=1

b) IfE; and E, are any measurable sets then prove that
m (Epw Ey) + m(E; mEy) =m(E) + mEy)
OR

a) Show that a continuous function defined on a measurable set 1s measurable.

b) 1f f is a measurable function defined on a measurable set E and 1f f and g are
equivalent (equal a.e.) functions, then prove that g 1s a measurable function on

B

Q.2 a) Let f be a bounded function defined on [a, b]. If f is Riemann integrable on
[a, b] then show that it is L.ebesgue integrable on [a, b] and

b b
R fodr = | fx)dx

b) Letfbe L - integrable i.e. bounded measurable function defined on a set E of
finite measure and if o <{f(x) < 3, then prove that ;
ovm (E) < Jp 1) dr < B m ().
OR
a) Let {f;} be a sequence of non - negative measurable functions and

tn, > fa. e. on E. Then prove that j f< lim j s
E noowkE

b) Let f be a bounded measurable function defined over a measurable set E. Then
prove that [ f] < [ 1]
E — 'E
P.T.O.



Q.3 a) Letf:R — R be defined by

xsin(l/x), 1fx=0
L6~ 0 ifx=0

Then prove that D' f(0)=D £0)=1and
D, f(0)=D_1£(0)=-1
consequently, f is not ditfferentiable at x = 0
b) Show that a function f is of bounded variation on [a, b] 1f and only 1f f1s the

ditfference of two monotone real valued functions on [a, b]
OR

a) Letf e [a, b]ie fbealebesgue integrable function on [a, b] then prove that
indenfinite integral of f is a continuous function of bounded variation on
[a. b].

b) Let{and g be two functions of bounded variation on [a, b| then prove that the
function f + g 1s of bounded variation on [a, b].

Q.42a) LetfeLl'[a bl g e L' [a, b], then prove thatf + g € L' [a, b].

b) If f and g are square integrable in the Lebesgue sense, then prove that £ + g 1s
also square integrable in the Lebesgue sense and

f+glz = Ifll+ lIsll
OR

letl <P<wandletf, ge i (). Then prove that f +g e 1 () and
[t+gle = [flp + (gl

Q.5 a) Let {f;} and {g,} be two sequences of measurable functions and let f, g € %

i u
If f, — fand g, — gthen prove that f;, + g, &> f+g
b) Test the consistency of the following inequality

e .2 4 n 2
j ( f(x) —sin x)" dx < = and j ( f(x) — cos x)" dx <

1
P B
where f € I” (0, ).

OR

Let {f ,} be a sequence of measurable functions which converge to f a.e. ona
measurable set E with m(E) < oo . Then prove that for given 1 > 0 there 1s a
set A  E with m(A) < n such that the sequence {f;,} converges to f uniformly
onE — A.
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